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1. INTRODUCTION AND STATEMENTS 
In [6] J. E. Roseblade and the second author established three strong 
centrality properties of finitely generated abelian-by-nilpotent groups, all 
of which hold for certain classes of linear groups also (Wehrfritz [9]). These 
results have prompted us to examine (restricted) wreath products from the 
same point of view, and for each of the properties we provide a criterion for 
a wreath product to possess it. 
The first and probably most important property is stuntedness. A group G 
is said to be stunted if there is a positive integer h such that every subgroup 
of G has central height at most h; that is, its upper central series stops at the 
h th term. The least such h is the height of G. A slightly wider class is that 
consisting of groups whose nilpotent subgroups have bounded nilpotency 
class-we propose the term truncated to describe such groups-and it will 
be seen from our arguments that a wreath product is stunted if and only if it 
is truncated and the component groups are stunted. In our first result, r(H) 
stands for the set of primes entering into the orders of elements of finite 
order in the group 13. 
THEOREM S. The wreath product W = A WY B of two nontrivial groups 
A, B is stunted if and only if the following conditions hold: 
(a) A and B are stunted, 
(b) n(A) n r(B) is finite, and for each p in x(A) n r(B), the p-subgroups 
of A are of bounded$nite exponent and theJinitep-subgroups of B are of bounded 
finite order. 
The reader will observe that the sufficiency proof yields a bound for the 
height of a stunted wreath product in terms of the ingredients prescribed by 
the theorem. However the bound so obtained is unrealistic, and very messy 
to derive, so we shall omit the proofs. 
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As might be expected, Theorem S depends on Liebeck’s calculation [7] 
of the nilpotency classes of nilpotent wreath products. It could be construed 
as a generalization of Baumslag’s criterion [l] for a wreath product to be 
nilpotent-curiously, we do not use his result in the proof. Note that it is the 
interaction of elements of finite orders in the two groups that controls 
stuntedness. In particular, if either A or B is torsionfree, then the only 
requirement is that A and B be stunted; this answers a question put to the 
second author some years ago by Philip Hall. The conditions on the p-sub- 
groups of A are fairly easy to comprehend, but those on B slightly less so. 
For instance it could be that there is an infinite p-group such that finite 
subgroups have bounded orders; such a group would have strong 
resemblances to a Tarski group. 
Next, a group is eremitic if there exists a positive integer e such that 
C,(X”) -< C,(Y) for all x in G and all positive integers n. The least such e is 
the eccentricity of G and is denoted by e(G). 
THEOREM E. The wreath product A WY B of two non-trivial groups is 
eremitic if and only if A and B are eremitic and E(A), r(B) are finite. The 
eccentricity of an eremitic wreath product divides e(A) e(B) E(A) E(B). 
Here, for any group H, E(H) means the smallest positive integer n such that 
X” = 1 for all elements of finite order in H if such a thing exists, and is co 
otherwise. Examples show that the bound on the eccentricity is attained for 
some constellations of invariants but not for others. 
Finally, a group G satisfies the maximum condition on centralisers, 
max-c for short, if for every chain of subgroups HI > H, 3 ... the corre- 
sponding chain of centralizers C,(H,) < C,(H,) < ... breaks off; G hasfinite 
gap number if the number of gaps (proper inclusions) in any such centralizer 
chain is bounded; the gap number is the largest number of gaps occurring. 
Our criterion here depends on some general theorems about centralizers 
in wreath products, similar to those of Kappe and Parker in [4]. In their turn, 
our centralizer results depend on a result about baseless subgroups that is 
obtained by using the theory of ends [3]. We collect these centralizer results 
in Section 2 since they seem to have some independent interest, and one of 
them relates to Theorem S. Before stating the results here, it is worth 
observing that max-c and min-c are the same property, since the “centralizer 
function” C satisfies the equation C3 = C. 
In Theorem C, the symbol max-f denotes the maximum condition on 
finite subgroups; bounded max-f means that ascending chains of finite 
subgroups have bounded lengths. 
THEOREM C. Let W = A wr B be the wreath product of two nontrivial 
groups. 
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Cl. W satis$es max-c if and only if either (a) A satisfies max-c and B is 
finite, or else (b) A is abelian and B satisjies max-c and max-f. 
C2. W has fkite gap number if and only if either (a) ‘4 has finite gap 
number and B is$nite, or else (b) A is abelian, and B has finite gap number and 
satisfies bounded max-f. 
In case C2(a), the gap number of W is no more than s + t, where s is the gap 
number of A and t is the maximum length of a subgroup chain of B. In case 
C2(b), the gap number of W is no more than 2m + n L 2, where now m is the 
maximum length of a chain of Jinite subgroups of B and n is the maximum number 
of gaps of a chain of in.nite centralizers of infinite subgroups of B. 
In conclusion we observe that free soluble groups are subgroups of wreath 
products via the Magnus embedding. Our results thus show that they are 
stunted of height one, eremitic of eccentricity one, and have gap number two. 
The eremiticity result appears in [5], where different methods were employed. 
2. NOTATION AND CENTRALIZER RESULTS FOR WREATH PRODUCTS 
All unexplained notation can be found in [6]. In particular this applies 
to commutators, conjugates, upper central series and the like. 
The base-group K of the wreath product W = A wr B is the set of 
functions f: B --) A of finite support, and W is the splitting extension of K 
by B according to the action 
f”(x) = f  (xb-l) 
for all b, x in B and f  in K. The support off is the set of all those x in B such 
thatf(x) # 1. 
We define the B-image of a subgroup H of W to be its image H,, under the 
projection from W to B. Then HK = H,K and the projection induces 
isomorphisms between baseless subgroups H (those with H r\ K = 1) 
and their B-images. The following results are related to those of Kappe and 
Parker [4] and we make use of some of their arguments. In applications &4 
will be abelian, but we do not need that restriction yet. Throughout, we 
maintain the notation established in this section. 
LEMMA 2.1. (i) I f  H has infinite B-image, then C,(H) n K = 1. 
(ii) I f  H n K # 1 then C,(H) has$nite B-image. 
(iii) I f  D is an infinite subgroup of B, then C,(D) < B. 
Proof. For any g in C,(H) n K and any bf in H with b E B and f  E K, 
g = (bf)-lgbf = f-‘gbf, so that 
g(s) = f  (x)-l g(xb-l) f(x) 
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for ail x in B. Thus the values taken by g on a given left coset of B modulo the 
B-image H0 of H are all conjugate. But g has finite support, so that, if HO is 
infinite, it follows that g takes the value 1 on each coset. This proves (i) 
immediately and (ii) follows since H < C,(C,(H)). Finally for any b in D 
and cg E C,(D) with obvious notation, cg = b-lcgb = b-kbgb so that g = gb 
andgcC,(D)nK = 1. 
Next a result that shows that centralizers of elements of infinite order are 
often very small. 
LEMMA 2.2. Let b be any element of in@ite order in B, f  any element of A’, 
and set H = (bf). Then either bf is conjugate to b OY else C,(H)/H is a finite 
group of order no more than t2, where t is the cardinal of the support off. 
Proof. With D standing for (b), Lemma 2.1 gives that C,(H) n K = 1. 
Thus C,(H) is isomorphic with its B-image C,, and we note that this iso- 
morphism carries H to D. Thus it is enough to prove that C,,/D is of order at 
most t2 unless b is conjugate to bf, and we do this now. 
Take any c in C, , so that cg E C,(H) for some g in K. For any j > 0 we 
have that (bf)j = bi,fj , where fj = f  bj-l ... f  “f. Since cg = (bf)-j cg(bf)j, it 
follows that c = b-jcbj and also g = f  ;“g”‘jj . Thus c E C,(D) and 
g(x) = f&c-‘))-‘g(xb-j) f&c) 
for all x in B and all j > 0. Since f  and g have finite supports, for a fixed y  
in B we may choose a positive integer N such that 
1 = g(ybi) = f  (yb-i) = f  (ybF) 
for 1 i j > N. An easy calculation yields that 
&f (Yb? = &f (Yb? = fiN+l(Yb% 
and, recalling that c E C,(D), we have 
jm f  WC-l) = &f (ybNc-lbi-? = filv+l(Yb+l). 
Taking x = ybN and j = 2N + 1, we deduce that 
1 = o”WN) = (fihi+l(ybNc-l))-lg(Yb-N-l)fzN+JYbN) 
= Jfiaf (Yb”c-‘),)-I fi f  (yb? 
i i=-m 
Xow comes the dichotomy. Suppose first that nEem f  (ybi) is nontrivial 
for some y  in B. Then n,“_-, f(yb+l) # 1 and so there are elements ybj 
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and yb”c-l in the support F of f. Thus c = (yb”c-l)-l ybjb”-j is in F-IFD. 
But c was arbitrary and we have shown that C,, is contained in no more than 
t2 cosets of D and hence that C,,/D is of order at most t2. 
In the remaining case n,“_-, f (ybi) = 1 for all y  in B, and we shall show 
that b is conjugate to bf in such a situation. Let T be a left transversal of D 
in B and let g be the function from B to A such that g(ub’) = n:=-,f(ubi) for 
u in T. Since f has finite support and nTEVm f (ubi) = 1 for all u, g has finite 
support and so is an element of K. Finally bf = g-lbg since g-“g(ubi) == 
(g(ubj+l))-l g(ubj) = f(ubj), that is, bf = bg-bg. Thus b and bf are conjugate, 
as claimed. 
Our final result in this section is the one using the theory of ends; for details 
of the theory see Cohen [2] and Stallings [9]. 
THEOREM 2.3. Let Ii be a subgroup of the wreath product 74’ = A WY B 
with infinite B-image. If  there is an element k in K such that Hk < B, then 
C,(H)k = C,(Hk). If there is no such element, and the B-image of H is not 
locally$nite, then either C,(H) is$nite or else both H and C,(H) are infinite 
cyclic by $nite. 
Proof. Set C = C,(H). Then, as H has infinite B-image, Lemma 2.1 
tells us that C n K = 1. If  now H n K # 1 then C has finite image and 
hence is finite. We may thus assume that H n K = 1. 
If  Hk < B for some k in K, then again from Lemma 2.1, C” z C,(H”) = 
CB(HTc). Every periodic group which is not locally finite has one end (Oxley [7], 
Cohen [2]) and so (Houghton [3]) if H is periodic and not locally finite, then 
Hk < B for some k in K. (Actually this result holds for any group with one 
end.) In the remaining cases H has an infinite cyclic subgroup L. If  L” < B 
for some k in K then B 3 Cw(Lk) 2: C,(H”) = C”:. Furthermore either C 
is finite or else B >, C,(C7;) = C,(C)7G = HIi. Thus we may now assume that 
no L’i is a subgroup of B and that C is infinite. By the preceding Lemma, C is 
infinite cyclic by finite. I f  D is an infinite cyclic subgroup of C and D’: < B 
for some k in K, then as above, L7; < H” -5 CW(D)k ==~ CW(Dk) < B. Thus 
no Dk is a subgroup of B and H :< C,(D) so that His infinite cyclic by finite. 
3. PROOF OF THEOREM S 
Our proof of the necessity part rests on the following well known result of 
Liebeck [7, Theorem 5. I]. 
3.1. Let p be a prime and n a positive integer. Then the wreath products 
Z, wr Z,, , Z,, wr Z, and Z, wr Z,” have nilpotency classes p”, 1 + n(p - 1) 
and 1 + n(p - l), respectively. 
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Let W = A WY B be a stunted wreath product, so that W is truncated 
and A, B are stunted. For every subgroup M of A and N of B, W contains 
a subgroup isomorphic with M WY N; and 3.1 applies to show that 
r(A) n n(B) is finite and that for every p in this intersection the p-subgroups 
of A and of B are of bounded finite exponents. To show that finitep-subgroups 
of B are of bounded order, proceed like this. Suppose that for each positive 
integer 01 there exists a finite p-subgroup B, of B of order at least pa. Then, as 
there is a bound on the order of a nilpotent group in terms of the number of 
generators, the exponent and the nilpotency class, the fact that the B, have 
bounded classes and bounded exponents means that the last nontrivial terms 
of the lower central series of the B, have unbounded orders. But they are 
abelian, and so W has subgroups like the third type appearing in 3.1, with n 
unbounded. But this means the classes of subgroups are unbounded, and 
this contradiction establishes the necessity of the conditions of Theorem S. 
Note that we have used here only the truncatedness of W. 
Conversely, suppose that conditions (a) and (b) of Theorem S hold for 
the groups A and B. Let H be any subgroup of W and write Z for the wth 
term of the upper central series of H. Then some repeated commutator 
[Z, h,H] is contained in K n Z, where again K denotes the base-group of W. 
Then [Z, h,H] = 1 if C,(H) n K = 1, which means that H has upper 
central height at most h’. We may thus assume that C,(H) n K f  1, so that 
by Lemma 2.1, H/(H n K) is isomorphic with a finite subgroup of B. 
The proof of Theorem S is completed now by applying the following 
theorem, which may be of some independent interest. 
THEOREM 3.2. Let G be a group with a normal subgroup N of Jinite index 
and having fkite upper central height, and let h, h’ be the upper central 
heights of N and G/N, respectively. For each prime p in the $nite set 
n = x(G/N) n +4,(N)), suppose that the p-subgroups of N are of exponent 
at most p2 and the p-subgroups of G/N are of order at most m. Then G hasjnite 
upper central height which is bounded in terms of h, h’, Z-, 1, m. 
Proof. Set Z = l,,,(G). I f  h = 0, then J,(N) = 1 and so [Z, h,G] < 
N n Z < J,(N) = 1, so that G has upper central height h’. So we may assume 
that h > 1 and proceed by induction on h. Denote factors mod c,(N) by bars. 
In order to see that the hypotheses on G, N go over to G, fl, observe first 
that or = r(G/N) n (&,,(N)) < r since c,(m) = &,,(iV); and second, if 
p E r1 , then the p-subgroups of I;,(m) are of bounded exponent at most 
pzth--l). To see this, suppose that 5 is any element of order p’, say, in i&,,(m). 
Then 3 E &(m) for some i < h, so that x E &+r(N) and xP’ E c,(N). Thus for 
any g, ,..., gi in N, 
1 = [Xz’+,gl )..., gi1 = [.h’,g, 7~..>&lp’, 
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so that, by the conditions of the theorem, 
1 = [X, g, ,...) gp =: [.d, g, )...) g;]. 
Thus, as h’ has upper central height h, a simple induction gives that 
a-1, r”-‘) E [i(N), so that ~r”‘~-l’ = 1, as claimed. So one of the invariants could 
have increased here, but it is still bounded in terms of the ingredients, and 
that is all we need since h decreases in the new situation. 
Hence we may assume inductively that G has upper central height h* 
bounded in terms of h, h’, T, 1, m. It follows at once that [Z, ,,G] < <r(N) n 2. 
Now set A = <i(N) n Z. Then G acts on A by conjugation and we can regard 
A as a G-module under this action. In fact A is in a natural way a r-module, 
where r = G/C,(A); since N s: C,(A), r is a homomorphic image of 
G/lV and thus satisfies all the hypotheses on G/N. 
Now we define certain submodules of A as follows. Firstly ;2,(r) = 1 and 
inductively for i > 0, 
A%(P) = {a: a E A and [a, ~1 E &r(r) for all y  in rj. 
Finally define A,(r) to be the union of all the Ai( this is nothing new of 
course-since A <. Z, A,(r) = A. 
We shall prove next that every prime dividing j r j lies in n(A). For 
suppose that x is an element of r of prime order q with q $ n(A). Then for 
each a in A we define a, = a and at == [a, TV], so that a, = 1 for some r. 
Suppose that Y > 2 and a,-, # 1. Then [~+a, X, x] = 1 so that 
g-1 = [a,-, , x]c = [a,-, , x*] =. 1 since X* = 1. But q $ +A) so that 
a,-, = 1, a contradiction. We must deduce then that [a, X] = 1 for all a 
in A, so that x :-T 1, another contradiction. Thus every prime divisor of 
1 r / is in n(A), as claimed, and so all prime divisors of j r 1 lie in 7~, which 
means that r has order no more than &“I. 
Now we come to the last stage in the proof of Theorem 3.2. For any set 
‘LZI of primes, define A, to be the set of all w-elements of A. In the special case 
r~ = (p:p f  m}, it is clear from the hypotheses that <(-4/A,) ~5 pz. The 
proof of Theorem 3.2 is completed by: 
LEMMA 3.1. Let I’ be a $nite group of order s and A a r-module such that 
E = E(A/A,) is finite, where UJ = {p: p { s}, and also such that -4 = A,(r). 
Then A :-= ,4,(r) for some t bounded in terms of E and s. 
Proof. Lemma 15 of [6] yields the existence of an integer U, bounded in 
terms of E and s, such that [A, J] -( A, . Take any element a in A, of prime 
order q, and let x be any element of order p in r such that [a, I, x] = 1. 
Then [a, xv] :- [a, x]” = I, while 1 7 [aq, X] =; [a, x]” since &4 is abelian. 
Hence [a, X] = 7 1 since (p, q) =m~ 1. Hence, with B = A,, we have that 
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B,(r) = Ba(r). Moreover, A == &(r) by assumption so that B = B,(r), 
and these two facts together give that B = B,(r). Hence [il, Uilr] = 1 and 
so A = A,+,(r). The result follows with t = u + 1; and this completes 
the proof of Theorem 3.2 and with it Theorem 5’. 
4. PROOF OF THEOREM E 
Suppose that A WY B is eremitic. Then A and B are eremitic since this 
property is inherited by subgroups. To show that ~(4) and c(B) are finite, 
we set G,,5 = 2, WY Z,Y for the wreath product of an r-cycle with an s-cycle, 
and examine its eccentricity. Here 2, is an infinite cyclic group. 
LEMMA 4.1. G,,s is eremitic of eccentricity at least max(r, s). 
Proof. Eremiticity is easily established; for example it follows from 
[6, Theorem B], since G,, is finitely generated and metabelian. Let a, be 
a generator of the coordinate subgroup of the base group corresponding to 
the element g of 2, , and let h be a generator of the 2, itself. Then [aIT’, h] = 1 
since alv = 1, while [aIn, h] = a;lZa hn for every positive integer n. Thus 
[aIn, h] is trivial if and only if aln = 1, that is, if and only if r 1 n. Thus the 
eccentricity of G,, is at least Y. 
Next, [a, , h”] = 1 and [al , h”] = a;‘arl n f  1 for 0 < n < s. Thus the 
eccentricity is at least s too. 
A glance at subgroups of A wr B now yields the finiteness of E(A), c(B), 
and thus the necessity of the conditions of Theorem E. 
Conversely, suppose that A and B are eremitic groups with c(A) and c(B) 
finite. Further, let x, y  be elements of W == d wr B and n a positive integer 
such that [x, yn] = 1. With K again denoting the base-group, the fact that 
W/K is isomorphic with B gives that 
[P, yy  is in k’. (1) 
Furthermore, setting h = [x, yefB)], we have 
[h,y”] = 1. (2) 
Of course, we may assume that h is not the identity element. Write y  = bg 
for b in B, g in K; then from (2) we get that [h, b%] = 1, where now 
k = gbn-l gbg. Hence [h, k][h, @IL = 1 and therefore [V-l, k][k, b”] = 1. 
But this means that the support of I.@” is the same as the support of h, so that 
as h f  1, b has finite order. Therefore bf@) = 1 and so the element y’(s) 
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is in K. But K is eremitic of eccentricity e(A) and [h, yecBJn] = 1, so that 
[h, yr(B)e(A)] = I. Hence, from (l), 
[x, ym, y’MB)] zz 1. 
Therefore, setting z =y JJ~(~)“(~)~(~), it follows that [x, 2, ,z] =: 1. But [IL’, P] = 1 
so that [x, z]” = 1, and thus, as [x, Z] E K, [x, .z]~(~) = 1. Again using the 
fact that [x, Z, Z] = 1 we get that [x, ,&)I = 1, so that [x, ye(A)e(B)E(A)E(B)] = 1. 
Thus W is eremitic and e(W) divides e(A) e(B) E(A) e(B), as claimed. 
5. PROOF OF THEOREM C 
First two very simple results. 
LEnlMA 5.1. Let A be a normal subgroup of a group G, R and S subgroups 
of G such that R 3 S, and set C = C,(R), D = C,(S). I f  RA = SA, 
CA = DA and CA(R n iz) = CA(S n A), then C = D. 
Proof. The hypotheses give that D =m: C(D n A) since D < C. Thus 
D n i4 < CA(S n A) = CA(R n A), so that D n A centralizes H, and thus 
D n A .< C. Thus D = C, as claimed. 
COROLLARY 5.2. A finite extension G of a group A satisfying max-c or 
having finite gap number inherits the same property. 
Proof. Each gap in the chain of centralizers corresponding to a chain 
HI > Hz > ... of subgroups corresponds to a gap in one of the chains 
H,A/A 3 HeA,/A ..., C,(H,) A/A < ..., or C,(H, n A) < .... 
Note that in Corollary 5.2 one can get away with assuming that G/A satisfies 
max and min, or else that all ascending chains of subgroups have bounded 
lengths. Whether this is a real gain or not is a matter for conjecture. 
Now we prove the necessity part of Theorem C. Thus suppose that 
W = A wr B satisfies max-c, so that A, B and the base group K satisfy 
max-c. For every finite subset 1 of B, let L = L(I) be the subgroup of K 
consisting of the functionswith support I and taking constant values on I. Then 
C,(L) = Kr x Kz , where Kl is the set of all functions with support contained 
in I and values in the centre of A, and K, is the set of all functions with 
supports contained in B\I. I f  now 1r C ITz C ... is an ascending chain of finite 
subsets of B, it follows at once that C,(L(I,)) > C,(L(IJ) > ... unless A 
is abelian. Thus for K to satisfy max-c, either B is finite or else A is abelian. 
If  B is finite and A satisfies max-c or has finite gap number, the same holds 
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for K, and so, by Corollary 5.2, also for IV. We have in fact dealt with both 
parts (a) of the theorem, in both directions; all WC have to observe beyond 
what we have already said is that the direct product of finitely many groups 
(in our case, the base group K) with gap number s also has gap number s. 
To complete the necessity proofs of the theorem, let D be a finite subgroup 
of B, and define L(D) as above. Then any element 0 of B centralizes L(D) 
if and only if f  = f” for all f EL(D), that is, f(x) =: f(xb-I) for all f  in L(D) 
and all x in B. But this is so only if b is in D; and thus C,(L(D)) = D. If  now E 
is a finite subgroup of B with D < E, it follows that C&(D)) < C,(L(E)). 
Consequently for W to have max-c, ascending chains of finite subgroups 
of B must be finite; similarly, such chains must be of bounded length if IV 
is to have finite gap number. 
It remains only to establish sufficiency in the two cases (b) of Theorem C, 
and this is the point at which the results of Section 2 come in. The situation 
now is that /l is abelian and B is infinite (else part (a) operates). We shall be 
considering four types of centralizer chain C, .< C, --.z ... corresponding to 
the subgroup chain Hr > HL? > .... 
(i) Suppose that for all i, Ci has finite B-image and Ci n K = 1. 
Then each Ci is isomorphic to its B-image and gaps can occur only when 
there are gaps in the chain of finite B-images of the Ci . 
(ii) For all i, Ci has finite B-image, Ci n K f  1 and Hi n K # I. 
By Lemma 2.1, Hi has finite B-image. If  C,K =: C;, ,K and HiK = H,+,K, 
then Lemma 5.1 gives that Ci = C,.+i , since trivially CK(Hi n K) = K = 
C,(H,,, n K). Thus gaps can occur only when there are gaps in the chains 
of finite B-images of the Ci or Hi . 
(iii) All Hi and Ci have infinite B-images so that Hi n K = 1 and 
Ci n K = I. I f  HI”< ,< B for some K in K, Theorem 2.3 shows that the whole 
centralizer chain is conjugate to the centralizer chain in B of the B-images 
of the Hi Since chains of finite subgroups of B are finite, HI is not locally 
finite. On the other hand, if no H,” is a subgroup of B, then Theorem 2.3 
shows this time that HI is infinite cyclic by finite; and the infinite subgroups 
of HI are likewise infinite cyclic by finite. Let now Bi denote the B-image of 
Hi and let j be an integer such that C,(B,) z= C,(B,+,). The B-image of 
Cji, is a subgroup of C,(B,+,) and hence [C?+r , Hi] < K. Write N for the 
intersection nfiEH, HpT1 ; then C,(N) > CT+, for all h in Hj , so that 
[Cj+l , Hj] < C,(N) n K. Since Hj,, is an infinite subgroup of the infinite 
cyclic by finite group Hi , we have that 1 Hi : H,+l 1 is finite and hence 
/ 1rj : N 1 is finite. But N is an infinite subgroup of Hj+l , so that N n K = 1 
and N has infinite B-image. Thus 1 = C,(N) n K 2: [C,+l , Hj] and it 
follows that Ci = C,+r . 
481/35/I-3-24 
366 HOUGHTON, LENNOX AND WIEGOLD 
Thus in both cases (Hi” in B for some k, or not), gaps in the centralizer 
chain can occur only when there are gaps in the corresponding chain of 
centralizers in B of the B-images of the Hi . 
(iv) For all i, Hi has finite B-image and Hi A K = 1. Then each Hi 
is isomorphic to its B-image and gaps in the centralizer chain can occur only 
when there are gaps in the chain of finite B-images of the Hi . 
These, then, are the basic chains. Every chain H1 3 H, > ... with 
centralizer chain C, < C’, -5 ... splits up as a sequence of types (i), (ii), (iv) 
or of types (i), (iii), (iv), or shorter combinations in the same order. Under 
the conditions assumed, all such chains will have a finite number of gaps, 
and so 117 satisfies max-c. 
In the case of finite gap number, we have to be slightly more careful. In 
case (i), (ii), (iv), the gaps correspond to gaps in the chains of the finite 
B-images of the Hi and Ci , or else they occur in the transitions from (i) 
to (ii) or from (ii) to (iv). Thus the total is at most 2m + 2, with m having the 
meaning in the statement of Theorem C. On the other hand, in case (i), (iii), 
(iv), the gaps correspond to gaps in the chains of finite B-images of the Hi 
and Ci , to gaps in the chain of infinite centralizers of infinite B-images of 
the H, , or else they occur at transitions. Thus the total is at most 2972 + n +- 2 
in all cases, and so W has gap number no more than this. 
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